This distribution fits well with distributions observed in proton synchrotrons and makes several analytical calculations for bunched beams in longitudinal phase space possible. For any shape of the focusing force the line density becomes proportional to the potential well. Self-forces caused by space-charge and inductive wall impedances are thus proportional to the external force, making calculation of bucket area reduction and bunch lengthening easy. The microwave instability threshold, as given by the Keil-Schnell criterion with local values for current and energy spread, is independent of the azimuthal position along the bunch, and again analytical formulae are possible even for strongly non-linear focusing forces. The relative magnitude of the self-force and the microwave threshold turn out to be closely related, as the self-force is always 40% of the external force when the microwave threshold is reached. The classical longitudinal space-charge limit can therefore only be reached within a factor of 0.4. Other calculations with this "natural" distribution include analytical formulae for the rigid dipole mode threshold, and creation of flat-topped bunches with reduced peak line density resulting in a higher transverse
Introduction and Summary
This distribution fits well with distributions observed in proton synchrotrons and makes several analytical calculations for bunched beams in longitudinal phase space possible. For any shape of the focusing force the line density becomes proportional to the potential well. Self-forces caused by space-charge and inductive wall impedances are thus proportional to the external force, making calculation of bucket area reduction and bunch lengthening easy. The microwave instability threshold, as given by the Keil-Schnell criterion with local values for current and energy spread, is independent of the azimuthal position along the bunch, and again analytical formulae are possible even for strongly non-linear focusing forces. The relative magnitude of the self-force and the microwave threshold turn out to be closely related, as the self-force is always 40% of the external force when the microwave threshold is reached. The classical longitudinal space-charge limit can therefore only be reached within a factor of 0.4. Other calculations with this "natural" distribution include analytical formulae for the rigid dipole mode threshold, and creation of flat-topped bunches with reduced peak line density resulting in a higher transverse space-charge limit. Synchrotron (2)
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where U(Q) is the potential
where W = AE/wo = (E -E )/Io; ri = l/y2 l/y2 = -(df/f)/(dp/p); eVois the energy gain per turn of the synchronous particle; Es, wo, and 4s are energy, revolution frequency, and phase of the synchronous particle; V(¢) is the accelerating waveshape, which has zero mean and periodicity 2ir; h is the harmonic number. U(P) has been chosen so that the Hamiltonian of the synchronous particle is zero. There is area conservation in the (W,4) phase plane. (5) where Hb is the Hamiltonian of the extreme (= boundary) particle, we get as function of energy,
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4).
The bucket area reduction by space-charge (y < Yt) or inductive wall (y > Yt) wiZl never exceed 23%, as /0.6 = 0.77. In other words, the space-charge limit (14) can only be reached within a factor of 0.4 in reasonable agreement with experiments ( fig. 7 of ref. 1) . 
Sinusoidal voltage
Rigid dipole mode threshold
The net force dF acting on a bunch rigidly displaced d#, is the integral of the product of the voltage V(¢) -VO and the line density of the displaced bunch X(4 + d#). fig. 3 . The advantage of this line density is a higher average current for a given peak current and bunch length, and thus an increased transverse space charge limit in terms of average current.
(30)
The coherent rigid dipole mode frequency is wc = = Wsovrk, where wso is the small-amplitude, zerointensity synchrotron frequency, while the smallamplitude incoherent frequency wi is changed as the square root of the relative change in total focusing voltage, wi = wsov ¶, and is thus intensity dependent. 
The crucial point in this derivation is the assumption of a rigid motion. The threshold obtained from a dispersion relation9'10 for the same distribution is 20% lower than given by the short-bunch formula above. The long-bunch formulae (31) and (32) have been verified experimentally in the PS Booster1l, where the dominating space-charge impedance can be calculated with good accuracy.
Flat-topped bunches By subtracting two elliptic distributions corresponding to different bunch lengths, flat-topped bunches can be created, the net phase space density being posi-
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To obtain this bunch shape, a double peaked energy distribution with a reduced central density has to be created prior to trapping.
Alternatively, flat-topped bunches can be created by a flat-bottomed potential well obtained by means of a higher harmonic cavity4. Both means are being pursued in the PS Booster. Theoretically each method could increase the intensity by 30-35% and combined 55-60%.
